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S
ubwavelength focusing and imaging
of light using negative refractive index
materials1,2 is now a well-established

phenomenon.3,4 There has also been a grow-
ing interest in better controlling the pas-
sage of light, including invisibility to radia-
tion using transformational optics, following
the recent proposals by Pendry et al.5 and
Leonhardt.6 Such singular invisibility cloaks
are based upon the blowup of a point, which
also finds interesting applications in inverse
problems.7 Importantly, the structure of
transformed Maxwell's equations can be
found in a classical textbook by Post8 and
can be deduced from the equations of gen-
eral relativity,9 the later allowing for the de-
sign of unconventional optical devices mi-
micking celestial bodies;10 see also refs 11
and 12 for insightful reviews. Much of invi-
sibility by cloaking is actually akin to the
mirage effect:13 for example, a point source
located inside a cloak appears to radiate
from a shifted location. Adopting this view-
point, complementarymedia4,14withinwhich
focusing effects via negative refraction oc-
cur can be designed using geometric trans-
forms by mapping the image plane back
onto the source plane.15,16 Such lenseswere
coined as Alice's mirrors in ref 17 since they
exhibit certain antisymmetric features. These
make also possible perfect and poor man's
cylindrical lenses,18�21 as well as general-
ized corner and checkerboard lenses.4,22,23,25

There are other types of electromagnetic
waves also well worth controlling such as
surface plasmon polaritons (SPPs), which
allow for fascinating applications in the emer-
ging field of nano-optics.26,27 Back in 1998,
Ebbesen et al.28 established that resonant
excitation of SPPs on ametal film perforated
at subwavelength periodicities leads to un-
usually high transmission coefficients at cer-
tain frequencies. Pendry, Martin-Moreno, and
Garcia-Vidal further showed in 2004 that

one can view the localized resonances on
structured, perfectly conducting surfaces
as plasmonic excitations of a metamaterial
surface.29 Other plasmonic metamaterials
include plasmonic shells with a suitable out-
of-phase polarizability, in order to compen-
sate the scattering from the knowledge of
the electromagnetic parameters of the ob-
ject to hide, and external cloaking, whereby
a plasmonic resonance cancels the external
field at the location of a given set of electric
dipoles.20,30�32 Imaging and focusing of
surface plasmons on negative phase velo-
city interfaces of gold and polymer that
are structured in layered, lens-like, or check-
erboard fashions have also been experi-
mentally studied by the group of Davis.33

Agranovich et al.34 have shown that one
can obtain negative refraction for exciton-
plasmon waves in organic and gyrotropic
materials using a surface transition layer;
see also the recent overview.35

In the present paper, we extend the de-
sign of transformation-based perfect lens to
the focusing of surface plasmon polaritons.
Our main contribution here is that we ex-
plain how one can manipulate SPPs such
that the electromagnetic space where they
live is folded back onto itself. In this man-
ner, we extend the proposal of Pendry and

* Address correspondence to
muamer.kadic@Fresnel.fr.

Received for review November 22, 2010
and accepted July 11, 2011.

Published online
10.1021/nn201334m

ABSTRACT We extend designs of perfect lenses to the focusing of surface plasmon polaritons

(SPPs) propagating at the interface between two anisotropic media of opposite permittivity sign. We

identify the role played by the components of anisotropic and heterogeneous tensors of permittivity

and permeability, deduced from a coordinate transformation, in the dispersion relation governing

propagation of SPPs. We illustrate our theory with three-dimensional finite element computations

for focusing of SPPs by perfect flat and cylindrical lenses. Finally, we propose a design of a flat SPP

lens consisting of dielectric cylinders arranged in a periodic fashion (along a hexagonal array) on a

metal plate.

KEYWORDS: transformation optics . surface plasmon polariton . metamaterial . flat
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Ramakrishna to build generalized lenses using the
original concept of complementary media4,14 to the
context of surface plasmonic waves. This allows for
instance the design of perfect corners, corner lenses,
and the like,4,22�25 using transformational plasmonics
tools.36�41 Importantly, the focusing of surface plas-
mons is amply demonstrated using full-wave compu-
tations involving materials such as gold with physical
dispersions establishing the negative refraction of SPPs
in a novel class of generalized plasmonic lenses.
This paper is organized in the following manner. In

the next section, the ideas of transformational optics
and optical space folding are briefly discussed and ex-
emplified. These ideas are applied in Section 3 to ge-
nerate generalized lenses for SPPs in rectangular co-
ordinates and in Section 4 to generate lenses with
curved surfaces in cylindrical coordinates. In Section 5,
the design of a flat SPP lens using a dielectric photonic
crystal is demonstrated, and we conclude in the last
section with a summary of the main results.

TRANSFORMATIONAL OPTICS VERSUS OPTICAL
SPACE FOLDING

Theoretically, perfect lenses can be designed using
the techniques of transformation optics, whereby an
unphysical solution in a folded geometry (a given region
of optical space that is mapped onto itself) is turned
into a physical solution in unfolded geometry (a me-
tamaterial described by tensors of permittivity and per-
meability with sign-shifted coefficients). Let us consid-
er the simple case of a cylindrical perfect lens i.e. a disk
of radius R1 surrounded by an annulus R1 e re R2 and
the piecewise continuous map:

r0 ¼ f1(r) in the core
r0 ¼ f2(r) in the shell
r0 ¼ r pt elsewhere

8<
:
where f1(R1) = f2(R1) and f2(R2) = R2. We show in Figure
1a an example of such a mapping and in Figure 1b a
typical range of values for the corresponding refractive
index. A line source placed in the neighborhood of the
cylindrical perfect lens (see Figure 1c) gives rise to two
images: one image appears inside the negatively
refracting coating and a second one inside the inner
disk in accordance with negative refraction. We note
that the wavelength shrinks inside the lens: the image
is a demagnified copy of the source. If we now launch a
planewave on the cylindrical perfect lens (see Figure 1d),
some anomalous resonances occur on the inner and
outer boundaries of the lens, and this could be utilized
to cloak a set of dipoles outside the lens.21

This technique allows us to transform many known
situations in simple geometries into unknown solutions
in more complicated geometries. With only some occa-
sional exceptions, this technique usually results in the
requirement of inhomogenous and anisotropicmaterials
in the physical unfolded geometry. Essentially, all the

deformation of space implied in the geometric trans-
formation are piled onto the physical responses of
the materials. Generating such situations is physically
possible using present day metamaterials, although it
could be very difficult.

TRANSFORMATIONAL PLASMONICS AND GEN-
ERALIZED PERFECT LENSES IN CARTESIAN CO-
ORDINATES FOR SPPS

We will now consider how the generalized perfect
lens theorem14 can be utilized to envisage perfect focus-
ing of surface plasmons. The techniques of transforma-
tional optics are then used to generate physically real-
izable plasmonic superlenses in rectangular geometries.
Let us consider two semi-infinite regions separated

by a plane interface at x2 = 0. We can map these two
isotropic homogeneous media on two metamaterials
described by anisotropic heterogeneous matrices of
permittivity and permeability given by13

ε0 ¼ εT�1, and μ0 ¼ μT�1 (1)

where T = JTJ/det(J) is the transformation matrix con-
structed using the Jacobian associated with the change
of coordinates. The original perfect lens presupposed a
slabofmaterialwith ε=�1andμ=�1. Let us nowderive
this result using the powerful tool of transformational
plasmonics.36 In order to design generalized lenses for
surface plasmon polaritons, we want to fold the plasmo-
nic space back onto itself, and this leads to negative co-
efficients within the permittivity and permeability ma-
trices. The coordinate transformation is given by

x01 ¼ x1

x02 ¼ x2

x03 ¼ x3 � d, if x03 < d=2,
or �x3 if � d=2 < x3 < d=2,
or x3 þ d if d=2 < x3

where d is the thickness of the generalized lens. The
above coordinate transformation leads to the identity for

Figure 1. Focusing via optical space folding: (a) Sketch of
the unfolding map where r and r0 are the radial coordinates
in folded and unfolded geometries. (b) Typical distribution
of the permittivity in the perfect lens. (c) Two-dimensional
plot of the real part of the longitudinal magnetic field [A/m]
for an electric line source inside the core. (d) Magnitude of
the magnetic field [A/m] for an incident plane wave.
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the transformation matrix T outside the lens, whereas
inside the lens, i.e., for � d/2 < x03 < d/2, ∂x3/∂x03 =�1, it
flips the sign of T33, so that the material properties differ
from free spaceonly forpoints along the x3= x03 direction.
This analysis demonstrates that SPP focusing will always
occur irrespective of the medium in which the lens is
embedded. This is true for any medium that is mirror
antisymmetric about a vertical plane.
In the case of anisotropic ε

0 i
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and μ
0 i
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We note that there is no change in the impedance of
themedia, since the permittivity and permeability under-
go the same geometric transformation: the perfect lens
is impedance-matched with its surrounding medium
(air, say) so that no reflection will occur at its interfaces.
Then the resulting complementary medium (see

Figure 2) is given by

ε
0 i
j

ss

¼ εj
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0
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0 < x3 < d (3)

where ε1 = 1 and ε2 are as in eq 4, and j= 1 for x2 > 0 and
j = 2 for x < 0. This is a generalization to transforma-
tional plasmonics of the result first derived in ref 4 and
retrieved again using group theory (symmetries of

Maxwell's equations) in ref 23. The entries in εij
ss

and μij
ss

can also be spatially varying along x1 and x2. This covers
the case of perfect corner reflectors of 2n-fold skew
symmetry, and we are therefore ensured of the cancel-
lation of the plasmonic path. It is worth noting that the
generalized lens theorem was also applied to infinite
checkerboards of skew symmetry in refs 23 and 25.
For the sake of concreteness, we will assumemateri-

als with physical dispersive forms of a Drudemetal. The
upper region (x2 > 0) is considered to be vacuum or air,
i.e., with relative permittivity ε1 = 1 (respectively rela-
tive permeability μ1 = 1), while the lower region (x2 < 0)
is filledwith aDrudemetal i.e., with relative permittivity

ε2 ¼ 1 � ωp
2

ω2 þ iγω
(4)

(respectively relative permeability μ2 = 1): here, some
gold with the plasma frequency (ωp = 2175 THz) and
characteristic collision frequency (γ = 4.35 THz). For the
plasmonic case of focusing, we can define two com-
plementary media above the metal surface and two
complementary media within the metal as

ε1j ¼ þ εjε(x1, x2),μ1j ¼ þ μ(x1, x2), � d < x3 < 0

ε2j ¼ � εjε(x1, x2),μ2j ¼ � μ(x1, x2), 0 < x3 < d

Case j = 1 corresponds to the top region, 0 < x2 < þ¥,
while case j = 2 corresponds to the bottom region,�¥
< x2 < 0, with ε1 = 1 and ε2 as in eq 4.
We report in Figure 3 some finite element computa-

tions showing focusing of a SPP at a wavelength
of 700 nm for two such complementary media, i.e.,
a checkerboard lens for the special case ε(x1,x2) =
μ(x1,x2) = 2. The cancellation of plasmonic space is noted.
We further show in Figure 4 a focusing effect

through a plasmonic flat lens with ε(x1,x2) = μ(x1,x2) = 1.
The source and the perfect images indeed satisfy the
inverted Snell�Descartes laws of negative refraction,
as shown for a SPP beam incident upon the lens at an
angle of 45�. Let us emphasize here that in our numerical

Figure 2. Principle of plasmonic space folding within com-
plementary media. (a) An alternation of positively and nega-
tively refracting index media in all three space dimensions
cancels the plasmonic path (note that the bottom part (in
gray color) is filled with Drude complementary media). (b)
Typical propagation path for a SPP at the x2 = 0 interface. (c)
Underlying space folding mechanism whereby the combi-
nation of two regions of complementary media is equiva-
lent to a heterogeneous interface.

Figure 3. SPP focusing in a checkerboard lens at 700 nm: (a)
top and side views of the computed field for a SPP line source;
(c) four complementarymedia: ε1

1 = μ1
1 = 2 in yellow block, ε2

1 =
μ2
1 =�2 in orangeblockwith their Drudemetal counterparts

ε1
2 = μ1

2 = 2(1 � (ωp
2)/(ω2 þ iγω)) in dark yellow block, ε2

2 =
μ2
2 = �2(1 � (ωp

2)/(ω2 þ iγω)) in red block underneath. (b)
The middle regions cancel each other, leading to (d).
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implementation we make use of finite edge elements
that are nothing but discrete Whitney differential forms
and behave nicely under pull-back transforms.42 Thus, in
what follows,we alwaysmap thedestinationdomain onto
the original one (so we consider the inverse transforms).
We then extend the dispersion relation for a surface

plasmon at the interface between a transformed med-
ium and a transformed metal36 to the case where we
have fourmedia describedbydiagonal tensors of relative
permittivity and permeability: εij

ss

= diag(ε11j
i ,ε22j

i ,ε33j
i ) and

μij
ss

= diag(μ11j
i ,μ22j

i ,μ33j
i ) with j = 1 when x2 > 0 and j = 2

when x2 < 0; see Figure 2a. The SPP propagating at the
metal surface has a wavenumber satisfying

ki3 ¼ ω

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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i
33, 2

s
(5)

where i= 1, 2 denotes the ith transformedmedium and
its Drude metal counterpart. This formula also char-
acterizes the wavenumber of an SPP propagating at a
multilayered metal surface, whereby the number i of
complementary regions is constrained only by the
overall propagation length of the SPP. It should be
noted that the condition for existence of a SPP at the
interface between two anisotropic media (see ref 37),

k12
ε11, 1

þ k22
ε11, 2

¼ 0 (6)

is alwaysmet, and this ensures the SPP does not scatter
from the interface.
Following the work by Shen et al.43 on two-dimen-

sional anisotropic perfect lenses, we report in Figure 5
some computations for a beamof SPP (Gaussian beam)
incident from the left on such a lens in the three-
dimensional transformational plasmonic setting. Above
the metal interface, the transformed medium is de-
scribed by

ε1
ss

¼ diag(ε11, 1, ε22, 1, ε33, 1)

¼ ( � 2þ 0:001i, � 2þ 0:001i, � 0:5þ 0:001i)

and

μ1
ss

¼ diag(μ11, 1,μ22, 1,μ33, 1)

¼ ( � 2þ 0:001i, � 2þ 0:001i, � 0:5þ 0:001i)

for the bottom layer, and the transformed metal is
described by

ε2
ss

¼ diag(ε11, 2, ε22, 2, ε33, 2)

¼ ε2( � 2þ 0:001i, � 2þ 0:001i, � 0:5þ 0:001i)

and

μ2
ss

¼ diag(μ11, 2,μ22, 2,μ33, 2)

¼ ( � 2þ 0:001i, � 2þ 0:001i, � 0:5þ 0:001i)

which is a particular case of eq 3. In panels (b) and (d) of
Figure5,weplacea line sourcewithin the slab lens (shown
by point P in panel (a)), and we observe two perfect
images on either side of the anisotropic lens, in accor-
dance with the perfect lens theorem.We note that on the
vertical sides of this lens, the following condition is met:

ε11, j
μ22, j

¼ εj
μj
, ε11, jε33, j ¼ (εj)

2,

μ11, j
ε22, j

¼ μj
εj
, μ11, jμ33, j ¼ (μj)

2 (7)

where ε1 = μ1 = 1 describes the ambient medium
above the surface (air), ε2 is as in eq 4, and μ2 = 1.
Hence, the slab lens is perfectly matched to the
surrounding medium. We have numerically checked
this fact by sending a Gaussian SPP beam with a waist
of 3λ = 2100 nm on this rather unusual lens. The
wavefront shrinks within the lens, but forward and
backward scatterings do not sense the presence of the
lens: the lens is indeed perfectly impedance matched
for any SPP propagating on the metal surface.

Figure 5. Compact anisotropic plasmonic lens at 700nm. (a)
3D view of a three-dimensional anisotropic perfect lens.
Two cases have been studied: a Gaussian beam of waste
2100 nm on normal incidence launched from the line G and
a line source at point P. (b) Magnetic field phase for a line
source placed at the point P. (c) Magnetic field phase for a
Gaussian beam launched from the line G. (d) 3D view of (b).
(e) 3D view of (c) with the arrow pointing toward the
direction of propagation. White regions in the plots corre-
spond to large values of the field outside the color scale.

Figure 4. Perfect plasmonic lens via negative refraction at
700 nm: (a) themedium ε1

1 = μ1
1 =�1 in the yellow block and

its Drude metal counterpart underneath ε1
2 = �(1 � (ωp

2)/
(ω2þ iγω)), μ1

2 =�1; (b) top and side views of the computed
field for a SPP line source; (c) negatively refracted SPP beam
making an angle of 45� with the lens. White regions in the
plot of panel (c) correspond to large values of the field
outside the color scale.
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TRANSFORMATIONAL PLASMONICS AND GEN-
ERALIZED PERFECT LENSES IN CYLINDRICAL CO-
ORDINATES FOR SPPS

Building on the previous perfect lens theory,14 we
can use geometric transformations to bend the shape
of the perfect lens into other geometries such as two
concentric cylinders; see Figure 6a. The objective is to
follow Pendry's proposal of a magnifying glass, in
which case the lens must be curved. This is because a
flat lens invariant along the parallel directions pre-
serves the parallel wavevectors and cannot affect the
distribution of wavevectors from the source. A curved
surface, in contrast, breaks this transverse invariance
and can result in the magnification or demagnification
of the images. The conformal transformation z0 = ln z,
where z = x þ iy, is known to preserve the solutions of
Laplace's equation and leaves the values of ε and μ
unchanged.4 However, when one departs from the
static case, the previous geometric transformation of
the full Maxwell's equations leads to anisotropic het-
erogeneous permittivity and permeability tensors.
Following the same algorithm as in the previous

section, we find that a possible design for a cylindrical
perfect lens for SPPs (avoiding spatially varying media
outside the lens) is given by

ε1j ¼ εj(R2=R1)
4, μ2j ¼ 1, reR1

ε2j ¼ � εjR22=r
2, μ2j ¼ � 1, R1ereR2

(8)

with j= 1 for x2 > 0, j= 2 for x2 < 0, and ε1 = 1 and ε2 as in
eq 4.
We show in panels (b) and (d) of Figure 6 some 3D

finite element computations for a SPP line source at a
wavelength of 700 nm, located inside the central region
of the cylindrical lens. We also depict in panel (c) a 2D

numerical simulation for comparison with the case of
transverse electric waves (whereby ε1 = ε2 = 1). We
note that in this configuration the image is indeed
magnified.

PROPOSAL OF A FLAT SPP LENS WITH A DI-
ELECTRIC PHOTONIC CRYSTAL

The transformational plasmonics designs discussed
above still need to be implemented with structured
metasurfaces. In order to do so, we looked at the vast
literature on dielectric photonic crystal lenses via

all-angle-negative refraction (AANR) (see, e.g., ref 44
and45) aswell as on focusing effects using thedispersion
relation of metals.33,46,47 As far as we know, no struc-
tured dielectric device has been proposed yet in order
to get the AANR effect for surface plasmon polaritons.
The advantage of this approach is to allow for a large
enough amplitude of the plasmonic field to be trans-
mitted through the structured lens, as the absorption
in a dielectric is less than in metal. We first designed an
AANR lens with optimized parameters using a two-
dimensional model with effective parameters (following
the approach of ref 40, the effective permittivity of
dielectric cylinders was taken to be ε1ε2/(ε1 þ ε2),
where ε1 is the permittivity of the dielectric cylinder
above the Drude metal of permittivity ε2). This means
we consider a photonic crystal with two phases of per-
mittivity depending upon the SPP wavelength. The
much reduced computing time compared to full-wave
three-dimensional computations enables us to apply a
simple optimization algorithm whereby the objective
function is themagnitude of the field at the theoretical
position for the image point. We show in Figure 7 the
plot of the longitudinal field for the optimized set of
parameters (when the image amplitude is the largest
one). We then used the optimized parameter ε1* in the
dielectric cylinders above themetal, which turns out to
be ε1* = 13. Such a permittivity can be found in

Figure 6. Focusing through a cylindrical plasmonic lens for
a SPP line source at wavelength 700 nm. (a) Schematic
diagram of the cylindrical lens. The pink region is filled with
spatially varying permittivity (R2/R1)

4 above and its Drude
metal counterpart below, ε2(R2/R1)

4; the gold region is filled
with negative permittivity� R2

2/r2 and negative permittivity
�1 above and its Drude metal counterpart below (with a
permittivity � ε2R2

2/r2 and negative permittivity �1). (b) 3D
plot of log(1þ |H|), whereH is themagnetic field. (c) 2D plot
of themagnetic field. (d) 2D computation for TE waves (with
parameters of the top regions of (a). White regions in the 2D
plots (c) and (d) correspond to large values of the field
outside the color scale. Themetal permitivitty is taken from
the Drudemodel: ε2 = (1� (ωp

2)/(ω2þ iγω)) and r2 = x2þ y2.

Figure 7. Focusing through a plasmonic lens for a SPP line
source at wavelength λ = 700 nm. (a) Schematic diagram of
the flat SPP lens with a hexagonal lattice of dielectric cylinders
(permittivity ε1* = 13, diameter d = 107 nm, and height h =
700 nm) with center-to-center spacing of a = 180 nm, on a
metal plate (Drude model with permittivity ε2 = (1 � (ωp

2)/
(ω2þ iγω)). (b) 2D plot of the phase of themagnetic field. (c)
3D plot of the phase of the magnetic field. (d) 2D plot of the
magnitude of the magnetic field.
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semiconductors in the visible range of frequencies. We
report in Figure 7 the three-dimensional computations
for an SPP wavelength of 800 nm. Importantly, it is
possible to further enhance the transmitted field through
the photonic crystal by adding a little bit of gain in the
structured lens. We believe the design that we propose
could be implemented in the near future in an experi-
mental setup such as discussed in ref 37.

CONCLUSION

In conclusion, we have studied analytically and numer-
ically the extension of optical space folding to the area of
plasmonics and surface plasmon focusing. This requires

in general anisotropic heterogeneous complementary
media deduced from geometric transformations. Fo-
cusing of SPPs resulting in a markedly enhanced con-
trol of their wave trajectories and imaging of sources by
SPPs have been demonstrated. Importantly, our analysis
applies mutatis mutandis for an s-polarized SPP (inter-
changing the roles of permittivity and permeability).
For illustrative purposes, checkerboard and cylindrical
designs of SPP lenses have been proposed and im-
plemented in the finite element commercial package
COMSOL. The feasability of our transformational ap-
proach has been validatedwith a structured design of a
negative refraction.

METHODS
The numerical simulations of this paper have beenperformed

using the commercial finite element package COMSOL, which
solves the three-dimensional Maxwell system with scattering
boundary conditions and perfectly matched layers (PMLs). This
ensures we have reflectionless interfaces between the region of
interest (containing the metamaterial under study) and sur-
rounding regions filled with anisotropic heterogeneous and
lossy media damping the outgoing waves (PMLs). The direct
solver PARDISO was used, and typically one million tetrahedral
elements were needed in order to achieve full convergence of
the numerical solution (the maximum element size of our mesh
was set to λ/8, with λ the working wavelength).
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